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Stretching a macromolecule in an atomic force microscope: Statistical mechanical analysis

H. J. Kreuzer and S. H. Payne
Department of Physics, Dalhousie University, Halifax, Nova Scotia, Canada B3H 3J5

~Received 28 June 2000; published 23 January 2001!

We formulate the proper statistical mechanics to describe the stretching of a macromolecule under a force
provided by the cantilever of an atomic force microscope. In the limit of a soft cantilever the generalized
ensemble of the coupled molecule/cantilever system reduces to the Gibbs ensemble for an isolated molecule
subject to a constant force in which the extension is fluctuating. For a stiff cantilever we obtain the Helmholtz
ensemble for an isolated molecule held at a fixed extension with the force fluctuating. Numerical examples are
given for poly ~ethylene glycol! chains.

DOI: 10.1103/PhysRevE.63.021906 PACS number~s!: 87.80.Fe, 36.20.2r, 81.70.Bt
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A series of papers have reported the measurements o
mechanical properties of single macromolecules with
atomic force microscope~AFM! @1–8#. A macromolecule is
anchored on the surface of a substrate, and the functiona
tip of an AFM cantilever picks up the molecule somewhe
along its chain. By moving the cantilever, the molecule
stretched by the elastic force of the deflecting cantilev
Thus one obtains the mechanical response of the macro
ecule in the form of the force-extension curve.

The force/extension relation or, in thermodynamic term
the mechanical equation of state, can be measured and
culated under different boundary conditions:~i! One can fix
the length of the macromolecule and measure the force
essary to maintain this length; this suggests doing the st
tical mechanics in the isothermal–isochoric or Helmholtz
semble in which the length is a control variable and
average force and its fluctuations are calculated by differ
tiation. ~ii ! One can apply a given force and measure
resultant extension of the molecule; this suggests doing
statistical mechanics in the isothermal–isobaric or Gibbs
semble in which the force is a control variable, and t
length and its fluctuations are calculated by differentiat
@9,10#.

Because different ensembles in statistical mechanics
only equivalent for thermodynamically large systems but
for small systems in which fluctuations are non-negligible
is important to formulate the right statistical mechanics
the stretching of a macromolecule in an AFM experiment
allow interpretation of the experimental data and maxim
extraction of information. The question to be answered
which of the two thermodynamically conjugate variable
force and extension, is held constant and which is the fl
tuating response. We show that both situations can be r
ized by changing the force constant of the cantilever. So
experiments were done~approximately! under ~ii !, mainly
for reasons of sensitivity. Recently a first principles theo
was developed using both Gibbs and Helmholtz ensem
@11#. Applied to the stretching of poly~ethylene glycol!, both
in hexadecane and in water, quantitative agreement@12# was
achieved with the experimental results@6#, based on the
Gibbs ensemble.

A schematic of the experimental setup is shown in Fig
In the absence of contact between the cantilever tip and
macromolecule the tip would be at a distanceD from the
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surface where the macromolecule is anchored. When the
is attached to the macromolecule the latter is stretched to
end-to-end lengthLm and the tip is deflected by a distanceLc
such thatD5Lm1Lc . WhereasLm is always positive,Lc
can have either sign. In the experiment the distanceD is
adjusted and the resulting deflection,Lc , of the tip is mea-
sured optically. The force is calculated assuming, in the s
plest case, Hooke’s lawF5kcLc ; the extension,Lm , of the
macromolecule isLm5D2Lc . Obviously Lm undergoes
thermal fluctuations and consequentlyF andLc do also.

We treat the tip~cantilever! and the macromolecule a
two coupled subsystems whose lengths are unknown an
be measured and calculated. The experimentally contro
variables are the distanceD and the temperatureT. The mi-
crostates of the system are those of the two subsystem
various lengths and internal excitations. We introduce
nonical configurational partition functions of the two deco
pled subsystems for given lengths,Zm(T,Lm) andZc(T,Lc),
where the subscripts refer to the macromolecule~m! and the
cantilever (c). Coupling the two subsystems together allow
the total system to sample all lengthsLm andLc . Although
the structure and the internal vibrational excitation spectr
of the macromolecule~more precisely of the relevant con
formers of the macromolecule! as a function of its length
must be calculated from quantum mechanics its coupling
the cantilever can be described adequately by classical
tistical mechanics because it involves only its center of m
motion. We can therefore write for the system partition fun
tion

Zsystem~T,D !5lm
21E

0

`

dLm Zm~T,Lm!Zc~T,D2Lm!.

~1!

The thermal wavelengthlm5h/(2pmkBT)1/2 enters via
the integration over the momentum,p, of the center of mass
motion of the macromolecule and of the cantilever~of re-
duced massm). Strictly speaking,Lm is thez component of
a vector with thez direction alongD. To restrict the cantile-
ver to exert only stretching forces on the molecule, we co
impose an upper integration limitD in ~1!. This would apply
to long polymer chains that can easily curl up. Howev
short chains may resist compression, the cantilever mus
allowed to bend away from the macromolecule, and the
©2001 The American Physical Society06-1
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per limit in ~1! can be much larger thanD; infinity for sim-
plicity. From ~1! we get the Helmholtz free energy of th
coupled system from which we get the average force on
system by differentiation with respect toD,

F̄~T,D !5kBT~] ln Zsystem/]D !uT . ~2!

Because the coupled macromolecule/cantilever syste
in internal equilibrium this is also the force with which th
cantilever acts on the macromolecule and vica versa.
average length of the macromolecule is

FIG. 1. Schematic of an AFM experiment to measure the for
extension curve of a macromolecule.
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L̄m~T,D !5

E
0

`

dLm LmZm~T,Lm!Zc~T,D2Lm!

E
0

`

dLm Zm~T,Lm!Zc~T,D2Lm!

~3!

and the deflection of the cantilever isL̄c5D2L̄m . We get
the force/extension curve of the macromolecule, i
L̄m(T,F̄), by solving~2! and ~3! simultaneously for a given
temperature and varying distancesD. Its explicit form obvi-
ously depends on both the intrinsic properties of the mac
molecule and of the cantilever.

To make closer contact with the AFM experiment w
specify the cantilever to be well approximated by a harmo
spring with spring constantkc and canonical partition func
tion Zc(T,Lc)5exp@2bkcLc

2/2#, b51/kBT. Typical cantile-
vers used in AFM experiments have force constants vary
from 1 to 100 pN/A. We then get for the force from~2!

F̄(T,D)5kc(D2L̄m) where L̄m is given by ~3!. Thus the
average force is determined by measuring the average de
tion (D2L̄m) of the cantilever. The fluctuations of the leng
of the macromolecule,dLm , induce fluctuations of the force
dF5kcdLm , so that (dF/F̄)5(dLm /L̄m)/(D/L̄m21).

To clarify the force/extension relation we writ
Lc

25(D2L̄m)212(D2L̄m)(L̄m2Lm)1(L̄m2Lm)2, and in-
sert this in~3! to get

-

L̄m5

E
0

`

Lm dLm Zm~T,Lm!exp@bF̄Lm#expF2
bkc

2
~ L̄m2Lm!2G

E
0

`

dLm Zm~T,Lm!exp@bF̄Lm#expF2
bkc

2
~ L̄m2Lm!2G . ~4!
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Together withF̄(T,D)5kc(D2L̄m) this yields the force/
extension curve for a macromolecule stretched by the ca
lever. To measure the intrinsic properties of the macrom
ecule in the AFM experiment one must eliminate~minimize!
the effects of the cantilever. This can be done by judicio
choices of the cantilever properties, namely either ‘‘ve
soft’’ or ‘‘very stiff’’ cantilevers.

Soft cantilever: We take the limitskc→0, D→`, with
kcD finite ~for a finite force!, which reduces~4! to

L̄m.
E

0

`

LmdLmZm~T,Lm!exp@bF̄Lm#

E
0

`

dLmZm~T,Lm!exp@bF̄Lm#

.

This is the expression for the average length in the Gi
~or isothermal–isobaric! ensemble of an isolated macromo
ecule to which an external force is applied whose origin
not explicitly identified, i.e., from a Gibbs partition functio
@13# Zm

(Gibbs)(T,F)5lm
21*0

`dLm Zm(T,Lm)exp@bFLm# and
ti-
l-

s

s

s

Gibbs potentialg(T,F)52kBT ln Zm
(Gibbs)(T,F) from which

the average length follows by differentiation with respect
the forceF. The only difference is that employing the Gibb
ensemble one assumes that the external force is experim
tally controlled and thus does not fluctuate. One can see

explicitly: The soft cantilever limit implies thatD/L̄m→` so

that the relative force fluctuations,dF/F̄, become arbitrarily
small. Thus the criterion for a ‘‘very soft’’ cantilever is tha

D/L̄m@1. This is indeed the case in the series of expe
ments done by Gaub and co-workers@6#. There is of course
a balance to be struck in the sense that the noise in
cantilever increases with its softness.

Stiff cantilever: We start from the system partition fun
tion ~1! and note that in the limitkc→`, the cantilever~har-
monic! partition function approaches a delta function so th
~1! factorizesZsystem(T,D)→Zm(T,D)(kBT/\vc) wherevc
5(kc /m)1/2. Thus the free energy separates into two term
the first being the Helmholtz free energy of the isolated m
romolecule of specified lengthD, and the second arising
from the cantilever. In this limit the force is obtaine
6-2
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by differentiation of the Helmholtz free energy of an isolat
macromolecule of lengthD. That this is indeed the case ca
be demonstrated by observing that the stiff cantilever li

implies that D/L̄m→11. Rewriting the fluctuations as

(dLm /L̄m)5(D/L̄m21)3(dF/F̄), we see that in this limit
the length fluctuations are reduced to zero which is the p
requisite for the use of the Helmholtz ensemble for the~iso-
lated! macromolecule. Our criterion for a ‘‘very stiff’’ can
tilever is therefore that (D/L̄m21)!1. This limit is
experimentally more difficult to achieve than the soft limit
that the deflection of a stiff cantilever is obviously very sm
so that its sensitivity becomes poor. Yet, as we will see in
numerical examples, this limit is physically also interesti
and thus worth pursuing experimentally. One should kee
mind that once theory has produced a quantitative expla
tion of the soft cantilever experiments it is an easy task
calculate what one would expect for a stiff cantilever.

To calculate the force/extension curve for a given mac
molecule we must first obtain its canonical partition functio
Zm(T,Lm), for a fixed lengthLm . For a specific force con
stant, kc of the cantilever we follow the procedure in a
AFM experiment, and select a range ofD settings and cal-
culate the lengthL̄m(T,D) which, together withF̄(T,D)
5kc(D2L̄m) yields the self-consistent forceF̄5F̄(T,L̄m).
How much this curve deviates from the force/extens
curve of an isolated macromolecule depends on the for
constant of the cantilever. We demonstrate this for a chai
poly ~ethylene glycol! ~PEG! with 21 subunits@(EG)21#.

We have recently presented a theoretical descrip
@11,12# of the force measurements reported by Oester
et al. @6# on individual poly~ethylene glycol! chains~PEG!
in different solvents, i.e., PBS buffer or hexadecane. In
first principles theory we~i! calculated the energy spectru
~or the density of states! for short PEG chains from quantum
mechanics@14#, and ~ii ! used the Gibbs ensemble to deri
the force/extension curve. One can also use these resu
ab initio calculations for short polymer molecules to co
struct an interacting Ising-type chain model valid for a
length of the polymer. Details of such calculations and all
parameters of the chain model are given elsewhere@15#. Us-
ing this interacting chain model we have calculated the fo
extension curves for PEG with 21 EG subunits for vario
force constants of the cantilever.

In Fig. 2 we show force/extension curves for (EG)21 as
stretched by cantilevers for a range of spring constants
the top panel we show the force/extension curves for
cantilevers, i.e., for spring constants less than 1 pN/Å. Th
curves are, to within a fraction of a percent, equal to those
an isolated macromolecule stretched by an external forc
calculated with the Gibbs ensemble as discussed abov
the same panel we can also see that lowering the temper
sharpens up some features in the force/extension curve
shorter chains, which have far fewer conformers and thus
much less flexible, e.g. (EG)3, the force is negative at end
to-end lengths of less than about 2 Å per monomer.

We have also plotted the settings ofD necessary to mea
sure this curve with a cantilever of 1 pN/Å: Not surprising
this weak cantilever needs substantial deflection~about three
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times the length of the macromolecule at maximum ext
sion! to produce forces of the order of 400 pN. For a sof
cantilever withkc50.1 pN/Å the ratioD/L̄m would go up to
10, and forkc510 pN/Å, center panel of Fig. 2, the settingD

is only 10–20 % larger thanL̄m for the largest extension
Large deflection of course also implies good sensitivity
the cantilever provided its fluctuations remain managea
These numbers agree remarkably well with the settings in
experiment by Oesterheltet al. @6#. Remarkable is the
change in the distanceD needed for the measurement of th
force/extension curves as one goes from a long to a s
chain, and also from stiffer to softer cantilevers, e.g., for
short chain of only 3 EG subunits andkc510 pN/Å, we need
D/Lm.20 for the largest extension.

In the center panel of Fig. 2 we show the force/extens
curves~again for 300 and 100 K! for a larger force constant
showing already some modification from the soft cantilev
~i.e., Gibbsian! limit. We emphasize, in an AFM experimen
with intermediate strength cantilevers@for ~EG! 21 and (EG)3
this is the range from 1 to 10 and from 102 to 103 pN/Å,
respectively# the measured force/extension curve would n
be that of an isolated macromolecule. It would take cons
erable effort ~such as our theoretical approach presen
here! to disentangle the features arising from the macrom
ecule itself and those from its coupling to the cantilever. F

FIG. 2. Force/extension curves for (EG)21 as ‘‘measured’’ in an
AFM experiment with cantilevers of different force constantskc in
piconewton per angstrom as indicated at 300 K~thick solid lines!
and at 100 K~thin solid lines!. Also shown as dashed lines is th

ratio of the positionD of the cantilever to the lengthL̄m of the
macromolecule~right scale!.
6-3
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such cantilevers theD settings needed are only slightly larg
than the end-to-end length of the stretched macromolec
i.e., the deflections of the cantilever are becoming margi

In the bottom panel of Fig. 2 we show a force/extens
curve at 300 K as calculated for a very stiff cantilever. W
are approaching the boundary conditions of the Helmh
ensemble for an isolated macromolecule, held at fixed len
D. The force starts to oscillate between attraction and re
sion as new conformers contribute. This is most pronoun
at the largest extension~and also at lower temperature!
where the number of conformers available becomes ra
sparse. Note also that, with the cantilever much stiffer th
the molecule itself~except for the longest extension possib
where within an interacting chain model the stiffness is in
nite!, the settingD is only marginally larger than the resul

ing extension of the molecule,L̄m . The curves in the top and
bottom panels, albeit measured under different limits for
cantilever, contain information solely about the intrins
properties of the isolated macromolecule.

To see the physical significance of the different bound
conditions, i.e., fixed length~Helmholtz! vs fixed force
~Gibbs!, we illustrate these two situations schematically
three conformers in Fig. 3. At fixed length we take the d
rivatives of the three potential energy curves and add th
different forces with their respective Boltzmann factors.
fixed force we sample those points on the potential ene
curves at different lengths where the derivatives are
same. Ideally, in an experiment, one would switch to ca
levers with larger force constants for the measurement of
high-force regime to minimize the cantilever extensi
D2L̄m and reduce its fluctuations.

In this paper we have set up the theory to describe
stretching of a macromolecule by a cantilever in an AF
experiment. We have shown that for intermediate cantile
force constants the elastic and energetic properties of
the macromolecule and the cantilever contribute to the fo
extension curve in a convoluted way. However, for soft c
tilevers a situation can be achieved in which the effect of
cantilever on the force/extension curve becomes negligi
nc

.
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and the latter can be calculated using the Gibbs ensembl
an isolated molecule as we have done in our previous w
@11,12#. On the other hand, for very stiff cantilevers th
force/extension curve resembles that which one would ob
from a calculation in the Helmholtz ensemble of the isola
macromolecule. These two ensembles do not produce
same mechanical equation of state~i.e., force/extension
curve! as they would for a macroscopically large syste
because polymer molecules even with several hund
monomer units are still substantially influenced by fluctu
tions, in particular in the force needed to stretch them.
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sions and for pointing out that this problem needed a res
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Naval Research. H.J.K. would also like to thank M. Grun
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FIG. 3. Schematic to illustrate different boundary condition
Working at fixed length~Helmholtz ensemble!, one samples differ-
ent forces, i.e., the derivatives of the potential energy curves at
length ~squares!. Working at fixed force, one samples the sam
slope on the energy curves, albeit at different lengths~circles!.
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