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Stretching a macromolecule in an atomic force microscope: Statistical mechanical analysis
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We formulate the proper statistical mechanics to describe the stretching of a macromolecule under a force
provided by the cantilever of an atomic force microscope. In the limit of a soft cantilever the generalized
ensemble of the coupled molecule/cantilever system reduces to the Gibbs ensemble for an isolated molecule
subject to a constant force in which the extension is fluctuating. For a stiff cantilever we obtain the Helmholtz
ensemble for an isolated molecule held at a fixed extension with the force fluctuating. Numerical examples are
given for poly (ethylene glycol chains.
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A series of papers have reported the measurements of ttseirface where the macromolecule is anchored. When the tip
mechanical properties of single macromolecules with thds attached to the macromolecule the latter is stretched to an
atomic force microscopéAFM) [1-8]. A macromolecule is end-to-end length ,, and the tip is deflected by a distaricg
anchored on the surface of a substrate, and the functionalizedich thatD=L,+L.. WhereasL, is always positivel .
tip of an AFM cantilever picks up the molecule somewherecan have either sign. In the experiment the distabcés
along its chain. By moving the cantilever, the molecule isadjusted and the resulting deflectidn,, of the tip is mea-
stretched by the elastic force of the deflecting cantileversured optically. The force is calculated assuming, in the sim-
Thus one obtains the mechanical response of the macromdplest case, Hooke’s lal=k.L; the extensionl,, of the
ecule in the form of the force-extension curve. macromolecule isLy=D—L.. Obviously L undergoes

The force/extension relation or, in thermodynamic termsthermal fluctuations and consequerfiyandL . do also.
the mechanical equation of state, can be measured and cal- We treat the tip(cantilevej and the macromolecule as
culated under different boundary conditiori§: One can fix ~ two coupled subsystems whose lengths are unknown and to
the length of the macromolecule and measure the force nee measured and calculated. The experimentally controlled
essary to maintain this length; this suggests doing the statigariables are the distan and the temperaturé. The mi-
tical mechanics in the isothermal—isochoric or Helmholtz encrostates of the system are those of the two subsystems for
semble in which the length is a control variable and thevarious lengths and internal excitations. We introduce ca-
average force and its fluctuations are calculated by differennonical configurational partition functions of the two decou-
tiation. (i) One can apply a given force and measure thepled subsystems for given lengtts,(T,L ) andZ(T,L,),
resultant extension of the molecule; this suggests doing th@here the subscripts refer to the macromoleg¢oigand the
statistical mechanics in the isothermal—isobaric or Gibbs encantilever €). Coupling the two subsystems together allows
semble in which the force is a control variable, and thethe total system to sample all lengthg, andL. Although
length and its fluctuations are calculated by differentiationthe structure and the internal vibrational excitation spectrum
[9,10]. of the macromoleculémore precisely of the relevant con-

Because different ensembles in statistical mechanics af@rmers of the macromolecyleas a function of its length
only equivalent for thermodynamically large systems but notmust be calculated from quantum mechanics its coupling to
for small systems in which fluctuations are non-negligible, itthe cantilever can be described adequately by classical sta-
is important to formulate the right statistical mechanics fortistical mechanics because it involves only its center of mass
the stretching of a macromolecule in an AFM experiment tomotion. We can therefore write for the system partition func-
allow interpretation of the experimental data and maximalion
extraction of information. The question to be answered is
which of the two thermodynamically conjugate variables,

.y —1 * _
force and extension, is held constant and which is the fluc- Zystent T.D) =My fo dlm Zn(T, L) Ze(T,D = Lm).

tuating response. We show that both situations can be real- (1)
ized by changing the force constant of the cantilever. So far
experiments were don@pproximately under (i), mainly The thermal wavelength ,=h/(27ukgT)¥? enters via

for reasons of sensitivity. Recently a first principles theorythe integration over the momentum, of the center of mass
was developed using both Gibbs and Helmholtz ensemblemotion of the macromolecule and of the cantilevef re-
[11]. Applied to the stretching of polgethylene glycol, both  duced masg). Strictly speakingl, is thez component of
in hexadecane and in water, quantitative agreerfietjitwvas  a vector with thez direction alongD. To restrict the cantile-
achieved with the experimental result§], based on the ver to exert only stretching forces on the molecule, we could
Gibbs ensemble. impose an upper integration linlt in (1). This would apply

A schematic of the experimental setup is shown in Fig. 1to long polymer chains that can easily curl up. However,
In the absence of contact between the cantilever tip and thghort chains may resist compression, the cantilever must be
macromolecule the tip would be at a distaridgefrom the  allowed to bend away from the macromolecule, and the up-
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| Ly oL *
| fo Al LinZm(T,Lm)Ze(T,.D— L)
Lm(T.D)=—2 ©)
f ALy Zn(T,L)Ze(T,D—Lyy)
0

and the deflection of the cantileverlis=D-L,,. We get
the force/extension curve of the macromolecule, i.e.,
L (T,F), by solving(2) and (3) simultaneously for a given
temperature and varying distand@slts explicit form obvi-
D ously depends on both the intrinsic properties of the macro-
' molecule and of the cantilever.

FIG. 1. Schematic of an AFM experiment to measure the force- TO. make clqser contact with the AFM experiment we
extension curve of a macromolecule. spe_C|fy the can_tllever to be well approxw_nated by a harmonic
spring with spring constark, and canonical partition func-
tion Z.(T,Lo) =exd —Bk.L42], B=1/kgT. Typical cantile-
vers used in AFM experiments have force constants varying

coupled system from which we get the average force on thgOm 1 to 100 pN/A. We then get for the force frofd)

per limit in (1) can be much larger thab; infinity for sim-
plicity. From (1) we get the Helmholtz free energy of the

system by differentiation with respect @, F(T'D):kc(D._Lm) wh_ereLm is given by (3). Thus the
average force is determined by measuring the average deflec-
E(T,D) =kgT(dIn Zsystenlt?D)H . ) tion (D —L,,) of the cantilever. The fluctuations of the length

of the macromoleculejl ,,, induce fluctuations of the force,

Because the coupled macromolecule/cantilever system i€F =KcoLm, so that 6F/F)=(6Lm/Ly)/(D/Ly—1). .
in internal equilibrium this is also the force with which the ~To clarify the force/extension relation we write
cantilever acts on the macromolecule and vica versa. Thé§=(D—Lm)2+2(D—Lm)(Lm—Lm)+(Lm—Lm)2, and in-

average length of the macromolecule is sert this in(3) to get
* g lBkC T 2
LndLnZm(T,Lexd BFLJexp — T(Lm—Lm)
— 0
Lm= - 4

[ - F{ Bk, —
dLmZm(TaLm)qulgFLm]eX - 2 (I-m_l-m)2
0

Together withF(T,D)=k.(D —L,,) this yields the force/ Gibbs potentialg(T,F)=—kgT In Z{™*S} T ,F) from which
extension curve for a macromolecule stretched by the cantthe average length follows by differentiation with respect to
lever. To measure the intrinsic properties of the macromolihe forceF. The only difference is that employing the Gibbs
ecule in the AFM experiment one must eliminétginimize)  ensemble one assumes that the external force is experimen-
the effects of the cantilever. This can be done by judiciougally controlled and thus does not fluctuate. One can see this
choices of the cantilever properties, namely either “Veryexplicitly: The soft cantilever limit implies theﬁ)/fm—mo so

soft” or “very stiff” cantilevers. . . — o
Soft cantilever: We take the limits,—0, D—c, with that the relative force fluctuationsF/F, become arbitrarily

kD finite (for a finite forca, which reduceg4) to small. Thus the criterion for a “very soft” cantilever is that
D/L,>1. This is indeed the case in the series of experi-

o _ ments done by Gaub and co-work¢&. There is of course
B fo LmdLmZm(T,Lm)exd BFL ] a balance to be struck in the sense that the noise in the
L= — : cantilever increases with its softness.
f dLZn(T, L) exd BFL ] . Stiff cantilever: We start fro!”n the system pgrtition func-
0 tion (1) and note that in the limik,— o, the cantileveghar-

monic) partition function approaches a delta function so that
This is the expression for the average length in the Gibbgl) factorizesZgysie( T,D) — Z(T,D) (kg T/ ;) wherew,
(or isothermal—isobarjcensemble of an isolated macromol- = (k./x)Y? Thus the free energy separates into two terms,
ecule to which an external force is applied whose origin isthe first being the Helmholtz free energy of the isolated mac-
not explicitly identified, i.e., from a Gibbs partition function romolecule of specified length, and the second arising
[13] Z{EPPS(T,F) =\ 5dLnZm(T,.L)exdBFL,] and  from the cantilever. In this limit the force is obtained
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by differentiation of the Helmholtz free energy of an isolated T T T 5
macromolecule of lengt®. That this is indeed the case can sk =1 14
be demonstrated by observing that the stiff cantilever limit 60 2 )
implies that D/L,,—1". Rewriting the fluctuations as

(8L,,/L)=(D/L,,— 1)X (6F/F), we see that in this limit “r 12
the length fluctuations are reduced to zero which is the pre- 0p=--=" - 11
requisite for the use of the Helmholtz ensemble for (ise- 0 f ; 0
lated macromolecule. Our criterion for a “very stiff” can- 150

tilever is therefore that M/L,—1)<1. This limit is

experimentally more difficult to achieve than the soft limit in 100 k=10 J15

that the deflection of a stiff cantilever is obviously very small =
so that its sensitivity becomes poor. Yet, as we will see in the e -ttt 1" o
numerical examples, this limit is physically also interesting 8 50 F FI
; ; - 405 3
and thus worth pursuing experimentally. One should keep in o)
L

mind that once theory has produced a quantitative explana- 0 0
tion of the soft cantilever experiments it is an easy task to

. . 150
calculate what one would expect for a stiff cantilever.

To calculate the force/extension curve for a given macro- ke=100 15
molecule we must first obtain its canonical partition function, 100 |
Zn(T,L,), for a fixed lengthL,,. For a specific force con- = fe=eeaaaaay 41
stant, k. of the cantilever we follow the procedure in an 50 b
AFM experiment, and select a range Dfsettings and cal- j,-\,-’\! 105
culate the lengthL,(T,D) which, together withF(T,D) 0 0
=k(D—L,,) vields the self-consistent forde=F(T,L,). 2 25 3 35 4

How much this curve deviates from the force/extension Length[A]

curve of anisolated macromolecule depends on the force

constant of the cantilever. We demonstrate this for a chain of FIG. 2. Force/extension curves for (Egps “measured” in an

poly (ethylene glycol (PEG with 21 subunit§ (EG),]. AFM experiment with cantilevers of different force constakgsn
We have recently presented a theoretical descriptioficonewton per angstrom as indicated at 30Qtiick solid lineg

[11,17 of the force measurements reported by Oesterhef@nd at 100 K(thin solid lineg. Also shown as dashed lines is the

et al. [6] on individual poly(ethylene glycol chains(PEG ratio of the posi_tionD of the cantilever to the length,, of the

in different solvents, i.e., PBS buffer or hexadecane. In oumacromoleculdright scale.

first principles theory wei) calculated the energy spectrum times the length of the macromolecule at maximum exten
h ity of hort PEG chains f . )
(or the density of statgsor short PEG chains from quantum sion) to produce forces of the order of 400 pN. For a softer

mechanicd 14], and(ii) used the Gibbs ensemble to derive . ) g
the force/extension curve. One can also use these results egntilever withk.=0.1 pN/A the ratioD/L ,, would go up to
ab initio calculations for short polymer molecules to con- 10, and fork.= 10 pN/A, center panel of Fig. 2, the settiBy
struct an interacting Ising-type chain model valid for anyis only 10-20% larger thah,, for the largest extension.
length of the polymer. Details of such calculations and all theLarge deflection of course also implies good sensitivity of
parameters of the chain model are given elsewhEsg Us-  the cantilever provided its fluctuations remain manageable.
ing this interacting chain model we have calculated the forc&’hese numbers agree remarkably well with the settings in the
extension curves for PEG with 21 EG subunits for variousexperiment by Oesterhelet al. [6]. Remarkable is the
force constants of the cantilever. change in the distand@ needed for the measurement of the
In Fig. 2 we show force/extension curves for (BEGas  force/extension curves as one goes from a long to a short
stretched by cantilevers for a range of spring constants. lchain, and also from stiffer to softer cantilevers, e.g., for the
the top panel we show the force/extension curves for sofshort chain of only 3 EG subunits akg=10 pN/A, we need
cantilevers, i.e., for spring constants less than 1 pN/A. ThesB/L,,= 20 for the largest extension.
curves are, to within a fraction of a percent, equal to those of In the center panel of Fig. 2 we show the force/extension
an isolated macromolecule stretched by an external force azurves(again for 300 and 100 Kfor a larger force constant,
calculated with the Gibbs ensemble as discussed above. Bhowing already some modification from the soft cantilever
the same panel we can also see that lowering the temperatufiee., Gibbsian limit. We emphasize, in an AFM experiment
sharpens up some features in the force/extension curve. Faith intermediate strength cantilevdifsr (EG),; and (EG)
shorter chains, which have far fewer conformers and thus anghis is the range from 1 to 10 and from?2.@ 10 pN/A,
much less flexible, e.g. (EG)the force is negative at end- respectively the measured force/extension curve would not
to-end lengths of less than alddA per monomer. be that of an isolated macromolecule. It would take consid-
We have also plotted the settings@fnecessary to mea- erable effort(such as our theoretical approach presented
sure this curve with a cantilever of 1 pN/A: Not surprisingly hera to disentangle the features arising from the macromol-
this weak cantilever needs substantial deflectafout three  ecule itself and those from its coupling to the cantilever. For
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such cantilevers thB settings needed are only slightly larger
than the end-to-end length of the stretched macromolecule,
i.e., the deflections of the cantilever are becoming marginal.
In the bottom panel of Fig. 2 we show a force/extension
curve at 300 K as calculated for a very stiff cantilever. We
are approaching the boundary conditions of the Helmholtz
ensemble for an isolated macromolecule, held at fixed length
D. The force starts to oscillate between attraction and repul-
sion as new conformers contribute. This is most pronounced
at the largest extensiofeand also at lower temperatujes
where the number of conformers available becomes rather
sparse. Note also that, with the cantilever much stiffer than i
the molecule itselfexcept for the longest extension possible, 15 2 25 3 35
where within an interacting chain model the stiffness is infi- Length [A]
nite), the settingD is only marginally larger than the result-

Potential [kJ/mole]

) i = ) FIG. 3. Schematic to illustrate different boundary conditions.
ing extension of the molecule,,. The curves in the top and  working at fixed lengtt{Helmholtz ensemble one samples differ-
bottom panels, albeit measured under different limits for theent forces, i.e., the derivatives of the potential energy curves at that
cantilever, contain information solely about the intrinsic length (squares Working at fixed force, one samples the same
properties of the isolated macromolecule. slope on the energy curves, albeit at different lendtirsles.

To see the physical significance of the different boundary
conditions, i.e., fixed lengthiHelmholtz vs fixed force
(Gibbs, we illustrate these two situations schematically for
three conformers in Fig. 3. At fixed length we take the de-
rivatives of the three potential energy curves and add the

and the latter can be calculated using the Gibbs ensemble for
an isolated molecule as we have done in our previous work
11,17. On the other hand, for very stiff cantilevers the

) . : ) orce/extension curve resembles that which one would obtain
different forces with their respective Boltzmann factors. At L .
from a calculation in the Helmholtz ensemble of the isolated

fixed force we sample those points on the potential Ener 9 acromolecule. These two ensembles do not produce the

curves at different lengths where the derivatives are the : . . .
i ) ) .Same mechanical equation of stafiee., force/extension
same. Ideally, in an experiment, one would switch to canti-

. curve as they would for a macroscopically large system,
levers with larger force constants for the measurement of thS .
. A L ; .~ DPecause polymer molecules even with several hundred
high-force regime to minimize the cantilever extension

monomer units are still substantially influenced by fluctua-

DL, and reduce its fluctuations. _ tions, in particular in the force needed to stretch them.
In this paper we have set up the theory to describe the

stretching of a macromolecule by a cantilever in an AFM

experiment. We have shown that for intermediate cantilever H.J.K. is grateful to H. E. Gaub for stimulating discus-
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extension curve in a convoluted way. However, for soft canNaval Research. H.J.K. would also like to thank M. Grunze
tilevers a situation can be achieved in which the effect of thdor many discussions and the University of Heidelberg for
cantilever on the force/extension curve becomes negligibldjnancial support.
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